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^jqI Abstract 

^ , We construct second order reductions of the generalized Witten-Dijkgraaf- 

• Verlinde-Verlinde system based on simple Lie algebras. We discuss to what 
extent some of the symmetries of the WDVV system are preserved by the 

, reduction. 
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^ ! 1 Introduction 

' In two-dimensional topological conformal field theory the following remarkable sys- 

tem of third order nonlinear partial differential equations for a function F oi N 
variables emerged [T^.p] 
Oh! 

<D . F.Fr^F, = F.F^'F, i,j = \,...,N (1) 



X 



Here Fj is the matrix 



d'^F 

{Fi)ki 



. dxidxkdxi 

Roughly speaking, this system expresses the conditions on a function whose third 
order derivatives form the structure constants of an associative, commutative alge- 
bra. Moreover, it is required that Fi is a constant and invertible matrix. Usually 
this system is called the Witten-Dijkgraaf- Verlinde-Verlinde (WDVV) equations. 
Generalizations, not requiring Fi to be constant, have been introduced and studied 
in the context of four- and five-dimensional N ~ 2 supersymmetric gauge theory 
(see e.g. 0121, 0. 

Although extremely difficult to solve in general, this overdetermined system 
of nonlinear partial differential equations admits exact solutions. For instance, 
within the theory of Frobenius manifolds, a substantial class of polynomial so- 
lutions has been constructed by Dubrovin 0] for any Coxeter group. Further- 
more, for any gauge group, perturbative approximations to exact prepotentials in 
four-dimensional Seiberg-Witten theory satisfy the (generalized) WDVV equations. 
These solutions are of logarithmic type and may be constructed for any root system 
(see [H] and |S]). The corresponding five-dimensional theories give rise to trigono- 
metric solutions, see e.g. pT].p|. 

Inspired by the paper ^ we construct second order reductions of the (third order) 
WDVV system, related to the logarithmic solutions associated with classical Lie al- 
gebras. In the authors' main result is a form of the WDVV equations resembling 
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a cocycle condition 

EdTai dTtk dTci _ j , , 

where T is the Hesse matrix of a function F{xi, xn)- The main idea is to perform 
a change of variables from Xk to a single row Ta = {Tak} of the Hesse matrix. All 
other elements of the Hesse matrix are functionally dependent on that row and the 
authors then show that the equations ^ are equivalent to the generalized WDVV 
system. 

In fact, Braden and Marshakov go on to construct a second order reduction^ of 
the WDVV equations by studying the relations among the elements of the Hessian 
of the prepotential of type A3. In this paper, we modify and largely extend the 
construction of such reductions to all Lie algebras of classical type in section |2] 
Finally, we discuss the effect of changes of the ultraviolet cut-off on the reductions 
in sectional 



2 Second order reductions for classical Lie alge- 
bras 



For any rank N root system R with positive roots i?''", we consider the following 
function 

J^{xu-,xm) = 1 («,^)'ln(%^) (3) 

where x = linear combination of basis vectors Vi of the root space, 

and (.,.) denotes the Euclidean inner product. Such functions are known as pure 
perturbative four-dimensional Seiberg-Witten prepotentials in the physics litera- 
ture ^lE], where they occur in the study of quantum Yang-Mills theories. The 
parameter A occurs in the Seiberg-Witten theory as an energy cut-off scale, and is 
irrelevant for the WDVV equations since it has no effect on the third order deriva- 
tives of JF. The reductions we propose here are of second order, but as we will show 
in section 121 they turn out also to be independent of the value of A. 



2.1 The reduction for type A prepotentials 

Naturally, the explicit form of the prepotential depends on the chosen basis {vi}. 
Although this choice is usually irrelevant since linear transformations are symme- 
tries of the WDVV equations, we will be dealing with second order reductions on 
which the choice may have an influence. The choice we make here leads to the 
well-known type A Seiberg-Witten prepotential 

T{x„ x^) = ^ E(^^ - 1- (t^) + IT.-" 1- (x) 

reduction of a system of differential equations for a single function F is understood here to 
be a set of lower order equations for F whose solutions are automatically solutions of the original 
system. 
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For convenience we set A = e 2 , after which the second order derivatives Tij of 
are given by 



n( 



q>i q<t 

These second order derivatives satisfy the following set of relations 



< j < k 



(5) 



(6) 
(7) 



These relations are somewhat reminiscent of those occurring in Hirota's work on 
tau functions of integrable hierarchies , ^] . 

Starting from the relations © , one sees that the elements Tij of the Hesse matrix 
T can be expressed in terms of a single row Ta = {Tak} for fixed a as follows 



log (e 



= - log (e 
= - log (e 



i < a < j 
a < i < j 
i < j < a 



(8) 



and 



T- — 
-^11 — 

T- — 



log ( e ^P5*i^' 



log 



T T„ 



2 < a 
i > a 



(9) 



In general no relations exist between the Tafe and they can be taken as independent. 

Proposition 2.1. The relations form a second order reduction of the WDVV 

equations in the sense that any function G{zi, z^) whose second order derivatives 
Tij satisfy the reduction, automatically satisfies the WDVV equations. 

Proof. Having a function G(z) satisfying the reduction, we use the equations 



t < J 



Xi) 



(10) 



q>^ 



q<i 



to introduce the objects Xi{z). We already know from the study of the prepotential 
(0J) that these equations are compatible with the reduction. Moreover it is easily 
seen that (jTU]) can be used to define the Xi uniquely. Since the objects are 
totally symmetric, the Tij can be integrated twice with respect to the Xi (not 
the Zi) to obtain the known prepotential We now have two functions, the 

well-known J^{x) and the unknown G{z)^ whose second order derivatives are equal 
dx dx (^(-^)) ~ d^z dz (•^)' shown in due to this relation between the second 
order derivatives the unknown function G{z) satisfies the WDVV equations since 
the prepotential T does. □ 
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Bn 


dz6j dz Cj , 




Cn 


dzCj dz Cj , 26^ 


77 = 2,C = 21n(2) 


Dn 




77 = C = 



Table 1: The roots of the type B,C,D Lie algebras together with the values ofrjX 
occurring in the prepotential Here Ci denotes a vector with 1 in the i-th place 

and elsewhere. 



2.2 The reduction for the remaining classical Lie algebras 

The roots in of the remaining classical Lie algebras are given in tabled Taking 
the standard Euclidean basis, the corresponding prepotentials are 



T{xi, ...,xn) = i X! \ ^^' ~ ^j)^^'^ \ ' K^ ] ^ ^ ^^''^ 



Xi I X 

+^E^'i-(t)+^E(^^)' (11) 



A 

6(N-l + ,7) + 4C 

with 7], C as in table Q] Chosing A = e ■'(jv-i+i,) ^ finds 

e-^- = (12) 

Xi ~\~ Xj 

e^" = x^^llix^^xDllixl-x^) (13) 

q>i q<i 

From these values of the second order derivatives of the prepotential one can derive 
the following relations among them 

Tik 



coth {^-yj ^ coth coth yi<j< k (14) 

Cothf^^jJ lI„y.sinh(T.„) ^'<J (15) 



We therefore have the following result 

Proposition 2.2. The relations ^i? )) /orm a second order reduction of the 

WDVV equations in the sense that any function G{zi, z^) whose second order 
derivatives Tij satisfy the reduction, also satisfies the WDVV equations. 

Proof. The proof follows the same lines as the proof of proposition 12. II □ 



3 The role of A 

The parameter A plays the role of the energy cut-off in Seiberg-Witten theory. 
Changing this parameter amounts to adding a second order polynomial to the pre- 
potential, which is clearly a symmetry of the third order WDVV equations. The 
reductions proposed in this paper are of second order, and so the value of A can in 
principal make a difference. We will show however that this is not the case. 
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Proposition 3.1. Adding a second order polynomial preserves the solution set of 
the reduction (@, Q iff the polynomial is a multiple of — xj)^ + J2i • 

Similarly, addition of a second order polynomial preserves the solution set of the 
reduction \14h ifT^ll iff it is of the form Tli^jLj nivy/^XiXj + ^ J2i arbitrary 
integer n and arbitrary parameter ^. 

Proof. Adding a polynomial j onjXiXj to a generic solution of the type A^ re- 
duction, one finds that © restricts Oij = c for i ^ j and some common constant 
c. Then it is clear that ([TJl restricts an = —Nc. This leads to the assertion of the 
lemma regarding the type A reduction. Similarly H14|) restricts the polynomial to 
'^i<j nTT\/—lxiXj + Xj aaxf, and H15|l restricts the an further. □ 

A change A e^^^ A in Q leads to an addition of a term ^ (^^^j [xi — Xj)'^ + J2i ^1 

which is a symmetry of the type A reduction. Similarly, a change A — > e~ A 
in gives an additional term ^ xf which in turn is a symmetry of the BCD 
reduction. 



4 Remarks 

The generalized WDVV equations are known to be invariant under the following 
two types of transformations 01 12| : linear transformations of the coordinates and 
so-called duality transformations. The duality transformations comprise a group 
of contact symmetries acting as constant symplectic transformations on a vector 
containing the coordinates Xi as one half of its indices and the first order derivatives 
Fi of the prepotential as the other half. It is readily observed that the reductions 
(O, and (|14(l . (|15|l are not invariant under general linear coordinate changes 
nor general symplectic transformations. This implies among other things that the 
choice of basis in the root space is relevant for the reduction one obtains. 

A purpose of having a reduction might be to see if it can be easily solved, thus 
gaining new solutions to the WDVV equations. As shown above, the solutions of 
the reductions consist of the functions G{z) whose Hesse matrix equals that of the 
perturbative prepotentials J^ix) for classical Lie algebras: gf .3^ . [z) — g§~ii;r{x{z)). 
Since this type of relation between two prepotentials was already studied in the 
literature (see e.g. JO!) the reduction does not yield new information in this sense. 
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